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Abstract 

In this paper we study the Cauchy problem for second order strictly 
hyperbolic operators of the form 

n n 

Lu := d v 3 ( a j,kd yk u) + ^{b ] dy ] u + d Vj (cju)} + du = f, 

j,k=0 j=0 

when the coefficients of the principal part are not Lipschitz continuous, 
but only "Log-Lipschitz" with respect to all the variables. This class 
of equation is invariant under changes of variables and therefore suit- 
able for a local analysis. In particular, we show local existence, local 
uniqueness and finite speed of propagation for the noncharacteristic 
Cauchy problem. 
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1 Introduction 

In this paper we study the well-posedness of the Cauchy problem for sec- 
ond order strictly hyperbolic equations whose coefficients are not Lipschitz 
continuous: 

n n 

(1.1) Lu := d Vj i a j,kdy k u) + ^{bjdy^u + d Vj (cju)} + du = f. 
j,k=o j=o 

This question has already been studied in the case that the second order 
part has the special form, in coordinates y = (t,x): 

n 

j,k=i 

and the Cauchy data are given on the space- like hyperplane {t = 0}. In this 
case, when the coefficients depend only on the time variable t, F. Colombini, 
E. De Giorgi and S. Spagnolo ([3]) have proved that the Cauchy problem is 
in general ill-posed in C°° when the coefficients are only Holder continuous 
of order a < 1, but is well-posed in appropriate Gevrey spaces. This has 
been extended to the case where the coefficients are Holder in time and 
Gevrey in x ([HI \7\). Moreover, it is also proved in [3] that the Cauchy 
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problem is well posed in C°° when the coefficients, which depend only on 
time, are "Log-Lischitz" (in short LL) : recall that a function a of variables 
y is said to be LL on a domain £1 if there is a constant C such that 

(1.3) \a(y) - a(y')\ < C\y - y'\ (l + \Log\y - y'\ |) 

for all y and y' in Q. In [3], it is proved that for LL coefficients depending 
only on t and for initial data in the Sobolev spaces H s x H s , the solution 
satisfies 

(1.4) u(t, •) G H s - Xt , d t u{t, •) G 

with A depending only on the LL norms of the coefficients and the constants 
of hyperbolicity. In particular, there is a loss of smoothness as time evolves 
and this loss does occur in general when the coefficients are not Lipschitz 
continuous, and is sharp, as shown in [2]. 

The analysis of the C°° well-posedness has been extended by F. Colom- 
bini and N. Lerner ([5]) to the case of equations, still with principal part 
(II, 2|) . whose coefficients also depend on the space variables x. They show 
that the Cauchy problem is well-posed if the coefficients are LL in time 
and C°° in x. They also study the problem under the natural assumption 
of isotropic LL smoothness in (t, x). In this case one has to multiply LL 
functions with distributions in H s . This is well defined only when \s\ < 1. 
Therefore, one considers initial data in H s x fP -1 with < s < 1, noticing 
that further smoothness would not help. Next, the loss of smoothness (11 -4f) 
forces us to limit t to an interval where < s — At, yielding only local in 
time existence theorems. We also refer to [5] for further discussions on the 
sharpness of LL smoothness. 

However, the local uniqueness of the Cauchy problem and the finite 
speed of propagation for local solutions are not proved in [5]. The main 
goal of this paper is to address these questions. Classical methods such 
as convexification, leads one to consider general equations (II. ip with LL 
coefficients in all variables. However, the meaning of the Cauchy problem for 
such equations is not completely obvious: as mentionned above, the maximal 
expected smoothness of the solutions is H s with s < 1 and their traces 
on the initial manifold are not immediately defined. More importantly, in 
the general theory of smooth operators, the traces are defined using partial 
regularity results in the normal direction; in our case, the limited smoothness 
of the coefficients is a source of difficulties. It turns out that when s < i, one 
cannot in general define the traces of all the first order derivatives of u, but 
only the Neumann trace relative to the operator, which we now introduce. 



3 



Consider a smooth hypersurface £ and, near a point y G S, a vector field 
conormal to E, z/£ G T£, with ^s(y) 7^ 0. Denoting by n the frequency 
variables dual to y, define the vector field X% with symbol 

(1-5) Xz(y,v) = 92(y;v,^(y)) 

where 32(2/1 •> •) is the quadratic form defined by the principal part of L. 

Assumption 1.1. L is a second order operator of the form (|l.lj) on a 
neighborhood 0, of y, with coefficients a j ^ G LL(£l), bj and Cj in C a (£l), for 
some a G]^, 1[ and d G L°°(Q). T, is a smooth hypersurface through y and 
L is strictly hyperbolic in the direction conormal to S. 

Shrinking f2 if necessary, we assume that X is defined by the equation 
{p = 0} with ip smooth and dip ^ 0. We consider the one-sided Cauchy 
problem, say on the component f2 + = £7 n {(p > 0}. As usual, we say that 
u G Hf oc (Q, n {p > 0}), if for any relatively compact open subset Sli of Q, 
the restriction of u to S7i n {p > 0} belongs to H S (Q n {</? > 0}). 

Lemma 1.2. For all s G]a — 1, a[ and n G Hf (Q Pi {p > 0}), all 
the terms entering in the defintion of L are well defined as distributions in 

H°- 2 (nn{p>o}). 

ii) If u G Hf oc (Q n{p > 0}) and Lu G Lf oc (Q H {p > 0}), then the 

s-- s-- 

traces ui s and (XgnW are well defined in H loc 2 (S n O) and -£^ oc 2 (S n SI), 
respeciive/n. 

With this Lemma, the Cauchy problem with source term in I? and 
solution in H s , s > 1 — a, makes sense. 

Theorem 1.3 (Local existence). Consider s > 1 — a and a neigborhood co 
of y in S. Then there are s' G]l — a,a[ and a neighborhood O' of y in M 1+n 
such that for all Cauchy data (uq,ui) in H s (lo) x _£P -1 (w) near y and all 
f G L 2 (Q' n {p > 0}) f/ie Cauchy problem 

(1.6) Lu = f, M| E = n , (X E n)| S = m, 
/ias a solution u G H s ' (Q,' f] {p > 0}). 

Theorem 1.4 (Local uniqueness). If s > 1 — a and u G H S (Q n {p > 0}) 
sate/ies 

(1.7) Ln = 0, n, E = 0, (X s n)| S = 0, 
t/ien n = on a neighborhood of y in iln {p > 0}. 
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Remark 1.5. If the coefficients of the first order term L\ (see ()2.3j) ) are 
also LL, the statements above are true with a = 1 since the coefficients are 
then C a for all a < 1. If the bj are C a and the Cj are C a , the conditions 
are 1 — a < a and the limitation on s is 1 — a < s. 

Remark 1.6. Theorem 11.41 implies that if u is in H s and satisfies Lu = 
near y and if u vanishes on {ip < 0}, then u vanishes on a neighborhood 
of y (see Section 5.2). Moreover, this local propagation of zero across any 
space-like manifold implies finite speed of propagation by classical arguments 
which we do not repeat here. In particular, if Q' n {if > 0} is contained in 
the domain of dependence of u, there is existence and uniqueness for the 
Cauchy problem (fL6|) in U' n {(p > 0}. 

The proof of these results is given in Section 5 below. Because all the hy- 
potheses are invariant under smooth changes of coordinates, we can assume 
that in the coordinates y = (t, x), the initial surface is {t = 0}, and in these 
coordinates, we prove the existence and uniqueness theorems. We deduce 
them from similar results on strips ]0,T[xl n and there, the main part of 
the work is to prove good energy estimates for (weak) solutions. In this 
framework, the results of Theorem 1 1 . 3 1 are improved, by using non isotropic 
spaces, and by making a detailed account of the loss of spatial smoothness 
as time evolves, as in [IJ[5]. The precise results are stated in section 2 below 
and are proved in section 4 using the paradifferential calculus of J.-M. Bony, 
whose LL-version is presented in section 3. 

2 The global in space problem 

In this section we denote by (t, x) the space-time variables. On f2 = [0, To] x 
R n consider a second order hyperbolic differential operator 

(2.1) Lu = L2U + L\u + du 
with 

n n 

(2.2) L 2 = d t a dt + ^2(d t ajd x . +d Xj ajd t ) - ^2 d Xj a jik d Xk , 

j=l j,k=l 
n 

(2.3) L\ = b d t + d t c$ + ^{b j d X] + d Xj cj). 

3=1 
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The coefficients satisfy on fi = [0, To] x M n 

(2.4) a,j 7 k = dk,j, a , dj, a.j 7 k G L°°({1) n LL(fi), 

(2.5) bo, c , fy, cj £ L°°(Q) n C a (ft), 

(2.6) d£L°°(n), 

for some q g]^, 1[. Recall that the space LL is defined by (jl.3p . the semi 
norm ||o||z,i being the best constant C in (|1.3p . In addition, for a G]0, 1[, 
C a denotes the usual Holder space, equipped with the norm 

/o-n 

(2.7) IMIc" = II^IIl 00 + su p — i 1 — • 

vw \y-y\ a 

When a = 1, this defines the norm ||a|| Lip in the space of Lipschitz functions. 

We assume that L is hyperbolic in the direction dt, which means that 
there are 5 > and Si such that for all (t, x, f) G [0, T ] xM"xR" 

(2.8) a (t,x)>J 0! V (a^ + ^)^>^i|e| 2 . 

— a o 

l<j,k<n 

We denote by -Al°°j Al^ and B constants such that for all indices 

(2.9) [|ao, a,j, a,j 7 k\\L°°(n) < ||ooj a j> a j,fc||LL(n) < All, 

(2.10) ||fo,co,&j,Cj|| Ca(n) < B, ||d|U°°(n) < 

2.1 Giving sense to the Cauchy problem 

Consider the vector fields 

n 

(2.11) X = a d t + a i d xj = a oY- 

3=1 

Formal computations immediately show that the second order part of L can 
be written 

(2.12) L 2 u = Y*Xu- L 2 u 
with 

n n 

(2.13) Y*v = d t v + y~] d x . (ajv), L 2 u = y~] d x . (a jt kd Xk u) , 

j=l j,k=l 
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o>j,k = ctj.fe + o-jak/ao, and dj = aj/ag. Consequently, it follows that 

(2.14) Lu = (Y* + b )(X + c )u - L 2 u + L\u + du 
with 

n n 

(2.15) Lxu = ^2b j d Xj u + ^2d Xj (c j u) 

3=1 j=i 

and 

bo = bo/cio, bj = bj — bocij, dj = Cj — cL/Co, d = d — cqCq. 

The next lemma shows that these identities are rigourous under minimal 
smoothness assumption on u. 

Lemma 2.1. Suppose that u £ H p (]0,T[) x M n ) for some p E]l — a,a[. 
Then cu, Xu and L\u belong to -?/ p_1 (]0, T[) x M n ). Moreover L 2 u is well 
defined as a distribution in H p ~ 2 (]0, T[xl n ). 

Proof, u and its space-time derivatives (dtu,d x .u) belong to H^ 1 . Follow- 
ing [5], their multiplication by a bounded LL function belong to the same 
space (see also Corollary 13. 6p . This shows that all the individual terms 
present in the definition of Xu belong to H p ~ l and those occurring in L 2 u 
and Y*Xu are well defined in H p ~ 2 in the sense of distributions. 

Next we recall that the multiplication (b, u) i— ► bu is continuous from 
C a x H s to H s when \s\ < a. This implies that the terms bdu and d(cu) 
that occur in L\u and L\u belong to H p ~ 1 since p €]1 — a, a[. 

The last term du is in L 2 , thus in since c G L°° and u £ L 2 . 

The identity ()2.12|) is straighforward from (12.21) since all the algebraic 
computations make sense by the preceding remarks. □ 

Next we need partial regularity results in time, showing that the traces 
of u and Xu at t = are well defined, as distributions, for solutions of 
Lu = f. This is based on the remark that this equation is equivalent to the 
system 



(2.16) 



{Y*v + bQV = L 2 u — L\u — du + /, 
Yu + con = v/oq 

with Co = co/ao- The important remark is that, for this system, the co- 
efficients of dt, both for u and v, are equal to 1, thus smooth. Using the 
notation Y = dt + Y , Y* = dt + Y* , the system reads 

j dtv = —Y*v — bov — L 2 u — L\u — du + /, 

I dtu = —Yu + v/oq. 



(2.17) 
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Lemma 2.2. Suppose that p G]l — a, a[ and u G H p (]0, T[xK n ) is such 
that Lu G L 1 ([0,T];i3"' , - 1 (]R r1 )). T/ten u G L 2 ([0, T]; H p (R n )) and d t u G 

L 2 ([0,!T|;ir''- 1 (]R n )). Therefore, uG C°([0, T]; (R n )). 

Moreover, G L 2 ([0, T]; H p ~ x (R n )) and Xu G C°([0, T]; H p ~^ (W 1 )). 
In particular, the traces u\ t=0 and Xuu = q are well defined in H p ~2(M. n ) 

3 

and H p ~z (R n ), respectively. 

Proof, a) We use the spaces H s,s ' of Hormander ([BJ, chapter 2), which are 
defined on R 1+n as the spaces of temperate distributions such that their 
Fourier transform u satisfies (1 + t 2 + |£| 2 ) S//2 (1 + |£;| 2 ) s / 2 u G L 2 . The spaces 
on [0,T] x R n are defined by restriction. In particular, H 0,s ([0, T] x R n ) = 
L 2 ([0,T];H s '(R n )). Recall that d Xj maps H s < s ' to H s ' s '~ x and that 

(2.18) u G H s ' s ' , d t u G H s,s '~ l => ue^'" 1 . 

b) For it G the first derivatives of it, dit, as well as Lilt, Xit and 
v belong to H p ~ l = H p as well as their multiplication by a LL or C a 
coefficient. Thus L2U and Y*v belong to H p ~ 1 and 

(2.19) d t v = f + g, f = LueL 1 (]0,T[;H p - 1 ),geH p ' 1 '-\ 
Let 

Mt)= f f(t')dt' eC\H p ~ l ). 
Jo 

In particular, v G L 2 (]0, T[; iP" 1 ) = H '^ 1 C fl^ -1 ' , since p - 1 < 0. 

Thus, v - v G iT^ 1 - and $(t> - v ) = g G H p - 1 - 1 . By (|2TTgj> u - t; G 
,-i c H 0, P -i since p > o 

Next, reasoning for fixed time and then taking I? norms we note that the 
multiplication by a LL or C a function maps L 2 (]0, T[; H p ~ 1 ) = H 0,p ~ l into 
itself. Thus, by the second equation of (|2.17|) . dtu = —Yu + v/ao G H Q ' p ~ l . 
This finishes the proof of the first part of the lemma. 

c) In particular, it implies that v = Xu + b$u G Thus, Y*v 
and L2U which involve multiplication by C a or LL function, followed by a 
spatial derivative, belong to H 0,p ~ 2 . Therefore, the equation g G H°' p ~ 2 . 
Thus applying (f2"TT5j) to v - v G H '^ 1 implies that v - v G H 1 ^' 2 C 
C°([0,T};H p - 3 2(R n )). Since \p - \\ < a and it G C° ( [0, T] ; H p ~ 5 (R n ) ) , the 
product 6 it belongs to C° ( [0 , T] ; iT p ~ 2 (R n ) ) . Since vq is also in this space, 
we conclude that Xu G C°([0,T];H p -%(R n )). □ 
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Remark 2.3. If p > |, then the multiplication by LL functions maps H p 2 
into itself and we can conclude that dtu G C°([0, T]; H p ~ 2 (M n )), as well as 
all the first derivatives of u, so that their traces at t = are well defined. 
When p < ^, the continuity of <9tu is not clear. However, note that the 
trace of Xu has an intrinsic meaning, as X is the Neumann derivative on 
the initial surface {t = 0} relative to L (see the definition (|1.5p ). 

Lemma 12.21 allows us to consider the Cauchy problem 

(2.20) Lu = f, U| t=0 = u , Xu\ t=Q = u 1} 

when / G U P >- Q ^([0, T]; H p (R n )) and u G U p >i- a # p (]0, T[) x R n ). 

2.2 The main results 

We first state uniqueness for the Cauchy problem: 
Theorem 2.4. //u£ U P >i- a # p (]0, T[) x M n ) satisfies 

(2.21) Lu = 0, -U| t=0 = 0, Xu\ t=Q = 
then u = 0. 

As in [H [5], we prove existence of solutions in Sobolev spaces having 
orders decreasing in time. The proper definition is given as follows. The 
operators 

(2.22) \D\ and A := Log(2 + \D\) 

are defined by Fourier transform, associated to the Fourier multipliers |£| 
and Log(2 + |£|) respectively. 

Definition 2.5. i) H s (R n ) or H s denotes the usual Sobolev space on R n . 
H s +2 l °9 and H s ~^ l ° 9 denote the spaces A~^H S and A^H S respectively. 

ii) Given parameters a and X, we denote byC a ^\(T) the space of functions 
u such that for all t G [0,T], u G C°([0, to], H aJxt °). 

Hi) 1~L a ±ii g denotes the spaces of functions u on [0,T] with values 
in the space of temperate distributions in W l such that 

(2.23) (l + | J D|) <T - A 'A ± 5 n (t,.) e L 2 ([0, T]; L 2 (R n )) . 

iv) C a: \(T) denotes the space of functions u on [0,T] with values in the 
space of temperate distributions in W 1 such that 

(2.24) (1 + \D\y- xt u{t, ■) G L x ([0, T]; L 2 (M. n )). 
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Ca,x(T) is equipped with the norm 

(2.25) sup \\u(t)\\ H a-xt. 

te[o,T] 

The norms in H a± i logX (T) and C a ,\(T) are given by and §Z7M . 

Equivalently, ~H a ±ii og \(T) and C a ^\(T) are the completions of Cq°([0,T] x 
IR n ) for the norms 

( 2 - 26 ) N«^ 4 ^cn = (jf ll«Wll^ ihw A)'- 

and 

(2.27) \Hc aX {T) = I \\u(t)\\ H „-xtdt. 

Jo 

Theorem 2.6. Fix 8 < 9\ in ]1 — a, a[. Then there are A > and K > 0, 
which depend only on the constants Al°°, All, B, 8q, 8\, 9 and Q\, given 
by (123]), (I23D and (l2T0ll such that for 

(2.28) r = min{T ,^^} 

n G if 1 - fl (M n ), m G H- e (R n ) and / = /i + /a /i G C-9,\(T) and 
h G W_ e-\log,\(T), the Cauchy problem (|2,20p, /ias a unique solution u G 
c l-0,A( T ) n '^l-e+iz O9l A( r ) withd t u £ C^e,x(T)nH_ 9+ i log X (T). Moreover, 
it satisfies 

sup |KOllffi-«-At' + SU P \\ d tu{t')f e _ xt , 
0<t'<t 0<t'<t 

+ f + IIMOII^,-*,^)*' 

J 

(2.29) 

<K{\\u \\ 2 Hl - e + \\ Ul \\ 2 H - e 

+ ( jT ii/i(OHh— ^') 2 + jf ii^oii^.^'}- 

Note that for i G [0,T], 1 — 6> — At > 1 - 0i > 1 - a, so that / G 
^([O.T];^" 2 ) with 6 1 < 9 2 < a. Similarly, u G L 2 ([0, T]; H 1 ' 01 ) and 
«9 t w G L 2 ([0,T];i?- ei ) implying that u G iI 1_01 ([O, T] x K n ). Therefore, we 
are in a situation where we have given sense to the Cauchy problem. 
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Remark 2.7. This is a local in time existence theorem since the life span 
(|2,28p is limited by the choice of A. Thus the dependence of Ao on the 
coefficient is of crucial importance. In case of Lipschitz coefficients, there is 
no loss of derivatives; this would correspond to A = 0. Using the notations 
in (|2.9p (|2.1U|) and (|2.8|) . the analysis of the proof below shows that there is 
a function Kq(-) such that one can choose 

(2.30) A= -ff^ M^P), 

mm{d ,<5i} $o ' 

revealing the importance of the LL-norms of the coefficients and the role 
of the hyperbolicity constant 5%/ So- In particular, it depends only on the 
second order part of operator L. 

Remark 2.8. A closer inspection of the proof, also shows that if the coeffi- 
cients of the pricipal part of L are (ao, Oj, dj^) = (a + a'o, a 'j + a 'j-> a 'j fc + a jfc) 
with (a' ,a'j,a'j k ) Lipschitz continous and (a ', a" , a'- k ) Log Lipschitz, with 
LL norm bounded by A" LL , one can replace All by A" LL in the definition of 
A. In particular if instead of (jl.3p the coefficients satisfy 



(2.31) \a{y)-a{y')\ <Cu(\y-y'\) 
with a modulus of continuity to such that 

(2.32) lim -P^-r = 0, 

e->o+ qLoge) 

they can be approximated by Lipschtiz functions with errors arbitrarily small 
in the LL norm. This can be done by usual mollifications, which will preseve 
the L°° bounds Al°° and keep uniform hyperbolicity constants 5q and Si. 
As a consequence, A can be taken arbitrarily small, yielding global in time 
existence with arbitrarily small loss of regularity (see Theorem 2.1 in [2j 
when the coefficients depend only on time). 

3 Paradifferential calculus with LL coefficients 

In this section we review several known results on paradifferential calculus 
and give the needed extensions to the case of Log-Lipschitz coefficients. 

3.1 The Paley-Littlewood analysis 

Introduce x £ Co°(^)> rea ^ valued, even and such that < x ^ 1 an d 
(3.1) X(£)=l for |C| < 1-1 , x(0=0 for |d > 1.9. 
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For k € Z, introduce Xk(0 '■= x(2 k £,), Xk{x) its inverse Fourier transform 
with respect to £ and the operators 

^ ^ Sfciz := Xk * u = Xk{D x )u , 

A = S , and for A; > 1 A k = S k - S k -i. 

We note that A k and S k are self adjoint. Moreover, by evenness, Xk is reai ! 
so that A k and S k preserve reality. For all temperate distributions u one 
has 

(3.3) u = Y,^kU. 

k>0 

The next propositions immediately follow from the definitions. 

Proposition 3.1. Consider s G R. A temperate distribution u belongs to 
H s {R n ) [resp. H s± ¥°9] if and only if 

i) for all k€N, A k u G L 2 (R d ). 

ii) the sequence 5 k = 2 ks \\A k u\\ L 2^d-^ [resp. 5 k = (fc+l)^ 2 ks \\ A k u\\ L 2^d^J 
belongs to £ 2 (M). 

Moreover, the norm of the sequence 5 k in £ 2 is equivalent to the norm of 
u in the given space. 

Proposition 3.2. Consider s £ R and R > 0. Suppose that {u k } ke fq is a 
sequence of functions in L 2 (R d )such that: 

i) the spectrum of uq is contained in {|£| < R} and for k > 1 the 
spectrum of u k is contained in {±2 k < |f| < R2 k ) . 

ii) the sequence 5 k = 2 ks \\u k \\ L 2^ [resp. 5 k = (/c+l) ± 2 2 fcs || A fc u|| L 2( R d)/ 
belongs to £ 2 (M). 

Then u = Y^ u k belongs to H s (R d ) [resp. H s± 2 lo 9[. Moreover, the norm 
of the sequence 5 k in £ 2 is equivalent to the norm of u in the given space. 

When s > 0, it is sufficient to assume that the spectrum ofu k is contained 
m{\t\<R2 k ). 

Next we collect several results about the dyadic analysis of LL spaces. 

Proposition 3.3. There is a constant C such that for all a € LL(R") and 
all integers k > 

(3.4) ||A fc a|| L oo < Ck2- k \\a\\ LL . 
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Moreover, for all k > 

(3.5) \\a - S k a\\ L ^ < C(k + l)||a||z,L 

(3.6) H'S'fcolUip < c(||a||z,°° + (k + l)\\a\\ LL 

If a G]0, 1[ and a G C a (R n ), then 

(3.7) ||A fc a|| L oc < C2~ Qfc ||a|| C a. 

Proof. Sk is a convolution operator with \k which is uniformly bounded in 
L 1 . Thus 

(3.8) ||5fca||£oo < C||a||ioo. 
Moreover, since the integral of djXk vanishes 

^)(.)-/%5u(»)W.-») -•(.))*. 

Using the LL smoothness of a yields 

(3.9) ||V,S fc a|| Loo < C(k + l)\\a\\ LL . 

This implies ()3.6p . The proof of (|3.4p is similar (cf [5] ) . The third estimate 
is classical. □ 

3.2 Paraproducts 

Following J.-M. Bony ([I]), for N > 3 one defines the para-product of a and 

n as 

oo 

(3.10) T?u = S k - N a A k u 

k=N 

The remainder u is defined as 

(3.11) Ra u = au-T^u. 

The next proposition extends classical results (see [HIH]) to the case of 
LL coefficients and Log Sobolev spaces. 
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Proposition 3.4. i) For a G L°° and s£l, continuously maps H s to 
H s and H s± z l ° 9 to H Sziz 2 lo 9 . Moreover, the operator norms are uniformly 
bounded for s in a compact set. 

ii) If a e L°° n LL and N' > N > 3, - T*' maps H s+ ^ l ° 9 into 

H s+l-ilo 9) j Qr aU g£R ^ 

Hi) If a G L°° n LL, N > 3 and s G]0,1[, maps H~ s+ ¥°9 into 

H l-,-llog } and 

(3.12) lK«ll H i—i,o B < C||a|| LL |M| H _ s+ i ios 
with C uniformly bounded for s in a compact subset of]0, 1[. 

Proof. The first statement is an immediate consequence of (j3.8j) and Propo- 
sitions 13.11 and I3.2L 

Next, T^u - T^'u = J2k v k with v k = {S k _ N a - S k ^ N >a) A k u. By 
Proposition 13.31 

lk|| L 2 < C(k + l)2- k \\A k u\\ L 2. 

With Proposition 13.21 this implies ii). 

To prove Hi) we can assume that N = 3. Then 

(3.13) R a u = ^2 A fc a s k~3U + XT ^3 a ^-kU. 

k>3 k \k-j\<2 

Hue H- s+ \ l ° 9 , then 

2 JS 

||A,u|| L2 < -^= £ , 
with {e^} G We note that the sequence 

(3.14) e k = Y ^±±2(i- k > £j 
is also in £ 2 with 

W^kWe 2 < C||£jll^ 2 

with C uniformly bounded when s in a compact subset of ]0, +oo]. Thus 

\\S k -,u\\ V2 < -j==e' k 

with {e' k } G d 2 . Therefore, 

||A fc o S k ^u\\ L 2 < cVk + l 2^ k e' k . 
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Proposition 13.21 implies that the first sum in (|3.13j) belongs to H 1 s 2 lo 9 . 
Similarly, 

\k-j\<2 

with {e^} € i 2 . Now the spectrum of AjaA^u is contained in the ball 
{|£| < 2 k+3 }; because 1 — s > 0, Proposition [32] implies that the second sum 
in (|3.13p also belongs to H 1 ~ s ~z l ° 9 , and the norm is uniformly bounded 
when s remains in a compact subset of [0, 1[. □ 

Remark 3.5. By ii) we see that the choice of N > 3 is essentially irrelevant 
in our analysis, as in pp. To simplify notation, we make a definite choice of 
N, for instance N = 3, and use the notation T a and R a for and . 

Corollary 3.6. The multiplication (a, u) ^> au is continuous from (L°° n 
LL) xH s+sl °v to H s+Sl °9 for se]-l,l[ and 5 & {—^,0, |}. 

Proof, (see [5]) Property ra) says that R a is smoothing by almost one deriva- 
tive in negative spaces, and therefore, for all a e] — 1, 1[ it maps H a to H a 
for all a' > max {a, 0} such that a' < min {a + 1, 1}. Combining this obser- 
vation with i), the corollary follows. □ 

In particular, we note the following estimate 

(3.15) IM|^ s+ i ;o9 < C(||a|| LO o||u||^ + i io9 + ||a||xx||«||^«). 

Proposition 3.7. Consider q = y/ (1 + |C| 2 ) an d a symbol of degree m 
on M. n . Denote by Q = y/ (1 — A) and ^ the associated operators. If a £ 
L°° n LL, then the commutator [Q- s ^,T a ] maps H' s+ ¥°9 into H l ~ m ~^ l ° 9 
and 

(3.16) || [Q- S V, T a ] U \\ Hl _ m _i log < C\\a\\ LL \\u\\ H _ a+ i log 

with C uniformly bounded for s S [0,1] and ip in a bounded set. 

Proof. We use Theorem 35 of [3] , which states that if if is a Fourier multi- 
plier with symbol h of degree and if a is Lipschitzean, then 

\\[H,a]d X] u\\ L 2 < C||V x o|| L oo ||it|| L 2. 

For k > 0, writing A^u as sum of derivatives, this implies that 

(3.17) ||[tf,a]A fe it|| L 2 < C2-*||V x a|| L oo \\A k u\\ L 2. 
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with C independent of k and H, provided that the symbol h remains in a 
bounded set of symbols of degree 0. 

We now proceed to the proof of the proposition. Since $ and Q commute 
with Afc, one has 

(3.18) [Q- s ^,T a \u = Y,lQ~ S *,S k _ 3 a]A k u. 

k>3 

Moreover, since the spectrum of S k -3aA k u is contained in the annulus 
2 fc ~ 1 < |f j < 2 k+2 , it follows that 

(3.19) [Q~ S V, S k ^a]A k = 2 k ^[H k , S k ^a]A k 
where the symbol of H k is 

and ip supported in a suitable fixed annulus. Note that the family {h k } is 
bounded in the space of symbols of degree 0, uniformly in k, s £ [0, 1] and 
ip in a bounded set of symbols of degree m. By ()3.17j) . it follows that 

\\[H k ,S k _ 3 a]A k u\\ L 2 <C2 k ( m - 8 -V\\VS k „ 3 a\\ L oo \\A k u\\ L 2. 

Together with (|3.9p and Proposition 13. 11 this implies that for u £ H^ s+ ^ l ° 9 , 

\\[Q- s ^,S k - 3 a]A k u\\ < C(k + l)\\a\\ LL ||A fc «|| ia . 

Using Proposition 13.21 the estimate (|3.16|) follows. □ 

Proposition 3.8. If a £ L°° n LL is real valued, then (T a — (T a )*)d Xj and 
d Xj {T a - (T a )*) map H 0+ ¥°9 i nto H Q ~¥°9 and satisfy 

\\{T a - (T a )*)d x u\\ _i log < C\\a\\ LL \\u\\ 0+ i log , 

(3.20) \ 

\\d Xj {Ta - [T a T)u\\ u0 _i log < C\\a\\ LL \\u\\ H0+ i log . 

Proof. The S k a are real valued, since a is real, and the A k are self adjoint, 
thus 

oo 

(T a )*u = ^2 A k ((5 fc _ 3 a) u) . 

k=3 

Therefore, one has 

(T a - (T a )*) = Y,[Sk- 3 a,A k ] = £[S fc _ 3 a, A*]** 
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where ^ k is a Fourier multiplier with symbol ip k = ^(2 fc £) an d ip is sup- 
ported in a suitable annulus. Using again [3] (see (|3.17p ) yields 

||[5 r fc _ 3 o I A fc ]S a . J * fe u|| i a < C{k + l)\\a\\ LL \\^ k u\\ L 2, 

and a similar estimate when the derivative is on the left of the commutator. 
Since the spectrum of [S k -^a, A k ]^ k u is contained in a annulus of size « 2 k , 
this implies (pT20]h □ 

Proposition 3.9. //a and b belong to L°°r\LL, then {T a T b — T ab )d Xj maps 
H Q+\iog intQ H o-\iog and 

\\{T a T b - T ab )d x u\\ _i log 

(3.21) , v 

< C , ^|a|| L L||&||L- + |p|Ui||a|U°°J \\u\\ H o+^a g - 

Proof. By Proposition 13.41 it is sufficient to prove the estimate for any para- 
product T . One has 

T?T b N d X] u =Y,J2 S k-" a A k(Si-Nb Aid Xj u). 

k>Nl>N 

In this sum, terms with \l—k\ < 2 vanish, because of the spectral localization 
of Si-jyb Aid Xj . The commutators 5i_jv&] contribute to terms which are 
estimated as in (13.18j) : 

IKA^^-Ar&lA/^.^H^ <C7(A; + l)||6|Ux ||A«|| i2 . 

If N is large enough, the spectrum of the corresponding term is contained 
in a annulus of S1ZG £zi 2 k and hence the commutators contribute to an error 
term in (|3.2ip . Therefore, it is sufficient to estimate 

(3.22) ^2 ^2 [Sk-NaSi-Nb - Sk-Niabfj A k Aid Xj u. 

k>Nl>N 

Again, only terms with \l — k\ < 2 contribute to the sum. Using (|3.5p . one 
has 

\\a - 5 fc _Ara|| L oo < C(k + l)2~ fe ||a||ii, 
\\b - SLNbh** <C(k + l)2- k \\b\\ LL , 
\\ab - S k . N (ab)\\ L °o < C{k + l)2- k \\ab\\ LL . 

Thus 

\\S k - N aSi_ N b-S k - N (ab)\\L°° 

< C(A; + l)2- fc (l|a||LL||6||L- + IMU~ • 
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Since the terms in the sum (|3.22p have their spectrum in annuli of size ~ 2 k , 
this implies that this sum belongs to H°~2 lo 9 when u S H 0+ 2 l ° 9 , with an 
estimate similar to (|3.2ip . □ 

3.3 Positivity estimates 

The paradifferential calculus sketched above is well adapted to the analy- 
sis of high frequencies but does not take into account the low frequencies. 
For instance, the positivity of the function a does not imply the positivity 
of the operator T a in L 2 , only the positivity up to a smoothing operator. 
However, in the derivation of energy estimates, such positivity results are 
absolutely necessary. To avoid a separate treatment of low frequencies, we 
introduce modified paraproducts for which positivity results hold (we could 
also introcude weighted paraproducts as in [8| l9~l [10]). 

Consider a nonnegative integer v and define the modified paraproducts 

oo oo 

(3.23) P^u = 5 , max { l/jfc _ 3 }a A k u = S v aS v+2 u + S k a A k+3 u. 

k=Q k=v 

Then 

u+2 v 

(3.24) P v a u-T a u = Y J S ^A k u 

fc=0 jr'=max{0,fc-2} 

and 

oo 

(3.25) au — P^u = Sj + 2U. 

j=u+l 

The difference (I3.24p concerns only low frequencies, and therefore the results 
of Propositions I3.7| 3.81 and 13.91 are valid if one substitutes P% in place of 
T a , at the cost of additional error terms. In particular, (I3.24p and (I3.25P 
immediately imply the following estimates: 

Lemma 3.10. i) There is a constant C such that for all v, a G L°° and all 

u £ 1? , 

(3.26) \\{P v a - T a )d Xj u\\ L 2 + \\d Xj (PZ - T a )u\\ L 2 < C2 u \\a\\ L °° \\u\\ L 2. 

ii) There is a constant Cq such that for all v for all a € LL and all 
u £ 1? , 

(3.27) \\au — P^u\\l2 < Cov2~ u \\a\\LL II^IIl 2 - 
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We will also use the following extension of Proposition [ 

Proposition 3.11. If a £ L°° n LL is real valued, then (P£ - (PZ)*)d Xj 
and d Xj (P% - (P£)*) map H°H l °9 into H°~^ l ° 9 and 

\\{Pa ~ (PZy)d Xj u\\ H0 _i log < C\\a\\ LL {\\u\\ H0+hlog + v\\u\\v>), 
(3 ' 28) ||^, (P; - (PZ)*)u\\ H0 _i log < C\\a\\ LL {\\u\\ H0+hlog + v\\u\\v). 

Proof. One has 

(P; - (P u a T)d X] u = [S v a, S u+2 }d XjU + J2[S k a, A k+3 ]d x .u. 

k>v 

The sum over k is treated exactly as in the proof of Proposition 13,81 and 
contibutes to the same error term. Using again Theorem 35 of [3J, the L 2 
norm of the first term is estimated by 

C\\V x S u a\\ L ^\\u\\ L 2 < C(u + l)\\a\\ L L\\u\\ L 2 

and contibutes to the second error term in (|3.28p . When the derivative is 
on the left, the proof is similar. □ 

Moreover, a comparison of T a u with au immediately implies the following 
positivity estimate. 

Corollary 3.12. There is a constant cq, such that for any positive LL- 
function a such that 5 = mina(x) > 0, all v such that v2~ v < co5/\\ci\\ll, 
and u e L 2 (M. n ), 

(3.29) Re(P> ! n) i2 >-|Hl! 2 . 

Here, (•, -)^2 denotes the scalar product in I? . This estimate extends to 
vector valued functions u and matrices a, provided that a is symmetric and 
positive. 



3.4 The time dependent case 

In the sequel we will consider functions of (t,x) £ [0, T] x M n , considered as 
functions of t with values in various spaces of functions of x. In particular 
we denote by T a the operator acting for each fixed t as T a ^ : 

oo 

(3.30) (T a u){t) = S k ^{D x )a{t) A k (D x )u(t). 

k=3 
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The Propositions 13.41 13.71 13.81 and 13.91 apply for each fixed t. There are 
similar definitions for the modified paraproducts P%; further, Lemma 13.101 
and Corollary 13.121 apply for fixed t. 

When a is a Lipschitz function of t, the definition (|3.30p immediately 
implies that 

(3.31) [d t ,T a ] = T 9ta , [d t ,P v a ] = P v dta . 

When a is only Log Lipschitz this formula does not make sense, since c^a 
is not defined as a function. The idea, already used in [HE], is that it is 
sufficient to commute dt with time regularization of a. In our context, this 
simply means that in (|3.30p . we will replace the term S k sa, which is a 
spatial regularization of a, by a space-time regularization, namely S k sa k 
where a k is a suitable time mollification of a. We now give the details for 
P u , as we will need them in the next section. 
Introduce the mollifiers 

(3.32) Jk (t) = 2 k j(2 k t) 

where j G Cq°(M) is non negative, with integral over K equal to 1. 
Definition 3.13. Given a G L°° n LL([0,T ] X R n ), define 

(3.33) a k (t, x) = j k * t a = J j k (t - s)a(s, x)ds 
where a is the LL extension of a given by 

(3.34) a(t,x) = a(0, x), t<0, a(t, x) = a(To, x), t>T$. 
Next, for fixed t, the operator T a ^ is defined by 

oo 

(3.35) Pa{t) u = S u a u S u+2 u + ^ S k a k A k+3 u. 

k=v 

We denote by P% the operator acting on functions of (t,x) by {P n u a u){t) = 

Proposition 3.14. Let a G L°°r\LL([0, T ] x R n ). Then for each t G [0,T ], 
^operators R 1 (t) = (i^ (t) - P% t) )d Xj , R 2 (t)^ = d Xj (P^ t) - Pfa), R 3 (t) = 

( W - p: {t) )d X] , R*® = M( p a y* - p : { t))> and r*® = ia,™ 

map H 0+ 2 l ° 9 into H°~2 l ° 9 and there is a constant C such that for all t G 
[0, To] and for k = 1, . . . , 5, 

(3.36) \\Rku\\ H0 _i loa < C\\a\\ LL (\\u\\ H0+ i tog + u\\u\\ L 2). 
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Proof, a) First, we recall several estimates from [5]. For a £ LL([0, To] xl") 
the difference a — a k satisfies 

(3.37) \a(t,x) - a k (t,x)\ < C(k + l)2- k \\a\\ LL , 

(3.38) \d t a k (t,x)\ < C(k + l)\\a\\ LL . 

with C independent of t and x. In particular, we note that 

(3.39) \\S k {a(t) - a k (t))\\ L oo < C{k + l)2- fc ||a|| LL . 

b) In accordance with (|3,35p . for / = 1,2, 5, we split Ri in two terms 

(3.40) R t (t)u = Biu + Hm, H lU = ^ w k 

k>v 

with Biu spectrally supported in the ball of radius 2 v+i and with w k spec- 
trally supported in an annulus |£| ps 2 k . For R±, 

B x u = S„(a(t) - a u (t)) S u+2 d X] u, w k = S k (a(t) - a k (t)) A k+3 d X] u. 

With (13391) . this implies that 

||-Biu|| L 2 < C{y + l)||a||LL||n|| i 2 

and 

\\w k \\ L 2 < C(k + l)\\a\\ LL \\A k+3 u\\ L 2, 

implying that 

||-H~H|^ _i iO9 < C||a||LL||u|| ff0+ i io9 . 
For R 2 , the analysis is similar. One has 

B 2 u = d X] (S u (a(t) - a u (t)) S u+2 u), w k = d Xj (S k (a(t) - a k {t)) A k+3 u). 

Thanks to the spectral localization, the estimates for B 2 u and w k are the 
same as in the case of R\, implying that 

(3.41) \\B 2 u\\ L 2 < C{y + l)\\a\\ LL \\u\\ L 2 
(3-42) \\H 2 u\\ H0 _i log < C\\a\\ LL \\u\\ H0+ i log . 

c) For k = 5 we write (|3.40p with 

B 5 u = S u (d t a v (t)) A u+2 u, w k = S k (d t a k (t)) A k+3 u. 
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Thus the estimates (|3.38|) imply 



||S 5 ii|| L 2 <C(v + l)\\a\\ LL \\u\\ L 2 
ll#5u|| H0 _i iO9 < C||a||LL||n||^ 0+ i iO9 . 

c) One has 

R 3 (t) = Rt(t) + R* 2 (t) + {(p» {t) y - p^ t) )d Xj . 

The third term is estimated in Proposition 13.111 The operators R± and 
i?2 = E>2 + H 2 are estimated in part b), implying that R3 satisfies f|3.36|) for 
k = 3. The proof for R 4 = R* = R{ + R 2 + d Xj ((P^ (t) )* - P„ (t) ) is similar. 
This finishes the proof of the Proposition. □ 



Lemma 3.15. There is a constant Cq such that for any a £ LL([0, Tq] x]R n ) ; 
u G L 2 {W n ), 1/ > and all t G [0,T ], one has 

(3.43) \\a(t)u - Pa {t) u\\ L 2 < C u2-"\\a\\ LL \\u\\&. 

Proof. We have 

00 

au - P^u = (a - S u a v )S v+2 u + ^J(a - 5fca fe ) A k+3 u. 

Combining (|3.5p and (|3.39j) . we see that 

||o(t)-5fcOfe(t)|| L oo < Ck2~ k \\a\\ LL . 

This implies (^I3|) . □ 

The lemma immediately implies the following positivity estimate. 

Corollary 3.16. There is a constant cq, such that for any positive LL- 
function a such that 5 = min a(i, x) > 0, all v such that v2~ u < co5/\\a\\LL, 
and u e L 2 (R n ), 

( 3 - 44 ) Re ( P a(t)^ n )L2 (R n) > ^IMI^Rn). 

The same result holds for vector valued functions u and definite positive 
square matrices a. 

Finally, we quote the following commutation result which will be needed 
in the next section. 



22 



Proposition 3.17. Suppose that a G LL([0,T ] x W a ). Then A 5 [P» aI] 
and [P^,Aa]Aa are bounded in L 2 and satisfy 

||A^P; (i) ,Ai]n|| L2 + ||[P; (t) ,Al]Aln|| i2 

< C(^ 2 2 _z/ ||a||LL + ^||a||i=o) ||ii|| L 2. 

Proof. Thanks to the spectral localisation, the low frequency part S v a v S u+ 2 
in P^ contributes to terms whose I? norm is bounded by 

CV||lt[|£2. 

The commutator with the high frequency part reads 

y^[Ai,5fcafc]A fc+3 tt. 

k>v 

We argue as in the proof of Proposition 13.71 and write 

(3.45) [A^,S k a k ]A k+3 = (k + 1)3 [H k , S k a k ]A k+3 

where the symbol of H k is h k (£) = (k + 1)~3 (Log(2 + |£|))2<£(2~ fc £) and (/? is 
supported in a suitable fixed annulus. Note that the family {h k } is bounded 
in the space of symbols of degree 0. By (|3.17p . one has 

\\[H k ,S k a(t)]A^A k+3 u\\ L 2 < C(k + l)2- k \\V x S k a k (t)\\ L ^\\A k u\\ L 2. 

Since V x S k a k = (V x S k a)*j k , its L°° norm is bounded by Cfc||a||iz,. Adding 
up, and using the spectral localization, these terms contribute a function 
whose 1? norm is bounded by CV 2 2 _I/ ||a||i,L||u||£2. 

When A 2 is on the left of the commutator, the analysis is similar. □ 

4 Proof of the main results 
4.1 The main estimate 

We consider the operator (|2.ip with coefficients which satisfy (|2,4p . (|2.5p 
and (|2.6p . We fix 9 < 9\ in ]1 — a, a[, and with A to be chosen later, we 
introduce the notation 

(4.1) s(t) = e + t\. 
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Recall that 



(4.2) T = min{T ,^^}. 

Note that for t G [0, T], s(t) remains in [0,6i] C]l — a,a[. 
We will consider solutions of the Cauchy problem 

(4.3) Lu = f, u\ t=0 = uo, Xu\ t=0 = u\ 
with 

(4.4) u G H^+i^T), d t u G H_ e+hlog>x (T), 

(4.5) n G i^QR"), «j G £r 9 (IR n ), 

(4.6) / = /i + / 2 , /iG£- 0)A (T), / 2 6« + i kA (r), 
Note that if u and / satisfy (fP]) and ([4TB]) . then 

(4.7) «eI 2 ([0,T];5 Hl ), G L 2 ([0, T]; ), 

(4.8) /a^O,!];^ 2 ) 



for all 62 G]#i, a[, so that the meaning of the Cauchy condition is clear. 
The main step in the proof of Theorem 12.61 is the following: 

Theorem 4.1. There is a Ao > of the form (|2.30p such that for A > Ao 
there is a constant K such that: for all f , uq and u\ satisfying (|4.5p (|4.6p . 
and all u satisfying (|4.4p solution of the Cauchy problem (|4.3p . then 

(4.9) u G Ci_ 0)A (T), d t u G C_ e , A (T) 

and u satisfies the energy estimate (|2.29p . 

This theorem contains two pieces of information : first an energy esti- 
mate for smooth u, see Propositions 14.31 and 14.41 By a classical argument, 
smoothing the coefficients and passing to the limit, this estimate allows for 
the construction of weak solutions, see Section 5.2. The second piece of in- 
formation contained in the theorem is a "weak=strong" type result showing 
that for data as in the theorem, any (weak) solution u satisfying (|4.4p is 
the limit of smooth (approximate) solutions, in the norm given by the left 
hand side of the energy estimate, implying that u satisfies the additional 
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smoothness (j4.9|) and the energy estimate. This implies uniqueness of weak 
solutions. 

The idea is to get an energy estimate by integration by parts, from the 
analysis of 



where (•, •) denotes the L 2 scalar product in W 1 extended to the Hermitian 
symmetric duality H a x H~ a for all uel, and A x denote the Laplace op- 
erator on R rf . This extends the analysis of [5J where X = d t . The parameter 
7 is chosen at the end to absorb classical error terms (present for Lipschitz 
coefficients) while the parameter A which enters in the definition of s(t), is 
chosen to absorb extra error terms coming from the loss of smoothness of 
the coefficients. 

To prove Theorem 14.1} the first idea would be to mollify the equation. 
However, the lack of smoothness of the coefficients does not allow us to 
use this method directly and we cannot prove that the weak solutions are 
limits of exact smooth solutions. Instead, the idea is to write the equation 
as a system (|2.16p for (u, v) and mollify this system. This leads to the 
consideration of the equations: 



In this form, the commutator of spatial mollifiers with dt are trivial, and 
we can prove that weak solutions of (|4,lip are limits of smooth solutions, 
(u £ ,v £ ) with g £ ^ 0, which thus do not correspond to exact solutions u £ of 



Notations. It is important for our purpose to keep track of the dependence 
of the various constants on the Log-Lipschitz norms. In particular we will 
use the notations 8 , 5 X of (j23j) and A LL ,A L °o,B of (pHO]) . To simplify 
the exposition, we will denote by C, Kq and K constants which may vary 
from one line to another, C denoting universal constants depending only 
on the paradifferential calculus; Kq depending also on Al°°/5o; K, still 
independent of the parameters (7, e), but dependent also on 5o, Si, 9q, 9\ 
and the various norms of the coefficients. 

4.2 Estimating v 

First, we give estimates that link v and dtu. 



(4.10) 



2Re(Lu,e- 27 *(l - A x )- s ^Xu) 



(4.11) 



Y*v + bQV = L2U — L\u — du + /, 
Yu + cqu = v/clq + g. 
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Lemma 4.2. Suppose that u satisfies (|4.4p . Then v = Xu + cqu belongs to 
the space H_ e+ i log X (T) C L 2 ([0,T};H- ei ) and for almost allt, 



(4.12) 



(4.13) 



\ v (.t)\\ H -s ( t)+iio 3 <CA L oa(\\u(t)\\ Hl _ s{t)+ i log + \\d t u{t)\\ H _ sW+ i log ) 
+C(A LL + B)(|Kt)|| H i-.(t) + \\d t u(t)\\ H - sit) ), 

c 

\\dtu(t)\\ H _ s(t)+ i log <K \\u(t)\\ Hl _ s(t)+ x log + j-\\v(t)\\ H _. [t)+ i tog 
+ K[\\u(t)\\ H i- sit) + \\v(t)\\ H - sW ). 



There are similar estimates in the spaces H s without the \log. 

If in addition Lu = f with f satisfying (|4.6p . then dtv G i 1 ([0, T]; H^ 1 ^® 1 ). 

Proof, a) First, we note that the multiplication (a, u) i— > a« is continuous 
from (L°° n LL)([0,T] x R n ) x H_ e+ i lmX (T) to H_ e+¥mX (T). Indeed, 
the corresponding norm estimate of the product is clear for smooth u, from 
(I3.15P integrated in time. The claim follows by density. In particular, this 
shows that a^dtu and the ajd Xj u belong to Ti_ e+ i log X (T). Similarly, the 
estimate 

(4.14) \\bu(t)\\ H _ a(t)+hlog < C\\bu(t)\\w-v < C\\b\\c*\Mt)\\w-w 

implies that cqu G 7~L_Q + i log \(T). Therefore v G 7~L_Q + i log X (T) and the 
estimate (I4.12P holds. The proof of (|4.13p is similar, noting that 

1 d a- c 
d t u = — v - } —d x .u u. 

j=l 

b) As in the proof of Lemma [272l we see that the equation implies that 

d 

dtv = f — ®xj (Sju) — bo^ + — -tiu — dn. 
i=i 

The conservative form of Z/ 2 and the multiplicative properties above show 
that 

^.(5^), L 2 u G n_ e _ 1+ i logA (T) C ^([O.T];^ 1 ^). 

Similarly, L\u and 6of belong to H_ d+ i log A (T) and thus to L 2 ([0, T];H~ ei ). 

The last term u is in L 2 . Therefore, d t v - / G L 2 ([0, T]; ff -1-611 ). Since 
/ G L^QO, T};H- 02 ) for 2 G]6>i, a[, the lemma follows. □ 
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Next, we give a-priori estimates in the space 7~t_g + ii og A CO n C-0,\{T) 
for smooth solutions of 

(4.15) (Y* + c )v = tp, v\ t=0 = v . 
We define the operators 

(4.16) (Qv)(t) = (1 - A x )-(*>/ 2 «(t), (Q 7 «)(t) = e-*(Qv)(t). 

Proposition 4.3. Suppose that v G L 2 ([0, T]; F 1 ) and <9 t t> G L 1 ([0, T];L 2 ). 
Then the functions v y (t) := Q y v belong to C°([0,T],L 2 ) and satisfy 

+ 2 TiKt + aa) 1 ^^)!!^^ 

■/ o 

(4.17) <2 /* V* + SoM*), Q^t'W)) dt' + |K £ (0)||| 2 

J o 

+ / F(t')^ 

JO 

(4.18) F(0 < K ^\\e-*' A^v(t')\\ 2 H - s(t > } + K\\v(t')f H _ s{tl) . 

Proof, a) Since v G L 2 ([0, T]; iJ 1 ) and $v G L 1 ([0, T]; L 2 ), we have 

(4.19) dtQ-yV = Qyd t v - (7 + XA)Q y v G L 1 ([0, T]; L 2 ) 

as immediately seen using the spatial Fourier transform. Moreover, v 7 = 
Q 7 v G C°([0, T]; L 2 ) and satisfies the following identity 

IK(*)ll£» " IK(°)ll£a = 2Re f (d t Q^v,Q y v)dt'. 

J 



Thus, 



(4.20) 



2Re / Q^v) dt' = 2Re / (Q y d t v, Q^v) dt' 
Jo Jo 

= \\vy(t)\\h ~ IK(0)||| 2 +2 /'||( 7 + XAf/Wm.dt' 

Jo 



b) Next we consider the terms d Xj (djv). We note that they belong to 
L 2 ([0,T];F~ CT ) for all a > 0. In particular, since s(i) > 9 > 0, we note that 
the pairing 
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is well defined. We give an estimate for 

2Re I {d Xj {ajv),Qlv)dt', 
Jo 

using the decomposition 

djV = Ta 3 V + Ra 3 V. 

By Proposition 13.41 it follows 

ll^«(*)ll H i-.(i)-aio fl < C \\H\LL\\v{t)\\ H _ s(t)+ i log 
since s(t) G [9,9i] C]0, 1[. Moreover, 

\\Q 2 7 v(t)\\ H s (t)+ ^ og < Ce- 2 ^\\v(t)\\ H -s (t)+ ^ g - 

Thus 

\\QleV{t)\\ 

<C||a,|| iL e~^||,(t)|| 2 H _ s(t)+ , io9 . 

It remains to consider 

Re(d Xj T aj v,Q*v) = R&(Q^d x .T~ aj v,Q y v) 

= Reidx^QryV, Q-yv) + Re(d Xj [Q y ,T &j ]v, Q 7 v). 

Note that these computations make sense because v(t) G H 1 and all the 
pairings are well defined. Proposition 13.71 implies that 

\\{d X] [Q^T~ a] \v{t)\\ Q _ ¥og < Ce-^ aj \\ LL \\vm- s it) + iio 9 
and therefore 

(4.21) \(d Xj [Q y ,T a .]v(t),Qiv(t))\ < C\\a j \\ LL e-^\\vm 2 H -.^i 09 - 
Next, for u 7 (i) G H 2 ~ ei , we have 

2Re((9 Xj ra j i; 7 ,f 7 ) = Re ((0^.7^ - T~.d Xj )v y , v 7 ) 

= Re((T s . - T-^d^Vj^j) + Re([d Xj ,Ta j ]d Xj v~ /t ,v~ / ). 

Using Propositions 13.81 and 13. 71 one can bound both terms by the right hand 
side of (|4.2ip . Adding up, we have proved that 

|2Re !\d Xj (a j v),Q 2 1 v)dt'\<C\\a j \\ LL f \\e-^' k l ' 2 v(t')\\ 2 H _ s(t) dt' . 
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c) The zero-th order term is clearly a remainder, and the multiplicative 
properties imply that 



LL 



\(cov(t),Q 7 v(t)) < K\\v(ljh h _ sW . 

d) We note that 

IK/ooIIll < IKI|LL||||l/ao||L°° + [|oj||x<»||||l/ao|| 

~ 5 + 81 ~ 2 81 ' 

since 5q < ao < A^oo. Using identity (I4,20p and the estimates of parts b) 
and c), implies (|4.17p and so the proof of the Lemma is complete. □ 

4.3 Estimating V x u 

We now get estimates of V x ?i from the analysis of 

n 

(4.22) - 2Re(L 2 u, Q^Xu) = - ^ 2Re(^. (a j>k d Xk u), Q*Xu) 

j,k=i 

Proposition 4.4. Suppose that u G L 2 ([0, T];H 2 ) with d t u G L 2 ([0, T\\H l ). 
Then u 7 := Q 7 u G C°([0, T],H l ) and 



(4.23) 



iU)tfi||V ie u 7 (*)||| a + / ^ 1 ||( 7 + AA) 1 / 2 V :c u 7 (t / )|li 2 ^' 
1 Jo 

<-2Re / (L 2 n,Q 2 t;)dt' + CA|oo||V ;r u 7 (0)|^2 + / E(t')dt', 
Jo ' Jo 



where 



\E(t)\ < 

(4.24) K A L a^e-^(\\u(t)\\ 2 Hl _ s(t)+¥og + ^||*«(*)[|^ t)+i J 

+ Ke-^\\\um 2 m -s, t) + \\Xu(t)f H ^ t) ). 

To simplify the exposition, we note here that all the dualities (•, •) written 
below make sense, thanks to the smoothness assumption on u. This will not 
be repeated at each step. Moreover, in the proof below, we assume that u 
itself is smooth (in time). 
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Proof, a) We first perform several reductions. Using in) of Proposition [3 
one shows that 

{d x .{a j>k d Xk u),Q 2 Xu) = {d x .(T~ ajk d Xk u),Ql / Xu) + E l 

with 

(4.25) \Ek{t)\ < C||a i>fe || LL ||^^(i)|| ff _ s(t)+ i iOB ||Q2Xu(t)|| 
Since Hoj^Hll < KqAll < K^A^A^ / 'So, E\ satisfies (|4.24p . Similarly, 
(d Xj (Ta jk d Xk u),Q 2 7 Xu) = (d x .Q lj£ Ta itk d Xk u,Q J Xu)+ 

= (d Xj Ta jk d Xk Q y u,QyXu) + E 2 
where E 2 also satisfies (|4.25p . and hence (|4.24p . 
b) Next we write 

Xu = T ao d t u + T aj d Xj u + r 

and 

<CA LL (\\ 

+ IIM*)IL- s(t)+^log) 

+CB\\u(t)\\ Hl - s(t) . 

Therefore, r contributes to an error term E 3 = (<9 x .T a . k d Xk Q^u,Q^r) such 
that 

\E 3 (t)\<e- 2 ^K A L ~\\ 
Using ()4.13p in the estimate of r, we see that 



\E 3 (t)\ < e- 2 ^Ko^A iL ||n(t)||^_ 3(t)+ i i09 
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\ u (t)\\ Hl _ s(t)+ i log + y\\Xu(t)\\ H „ s{t)+ i log 



+ K\\u(t)\\ Hl - s(t) +K\\Xu(t)\\ 

and hence satisfies (I4.24p . 
c) Consider now the term 

(d Xj T~ aj k d Xk Q-yU, Q 7 T ao d t u) = - {T &j <k d Xk Q-yU, d Xj Q 7 T ao d t u) 
= -(Tz jtk d Xk QjU,T ao d Xj Qid t u) + E 4 
= -{{T aQ )*Ta 3k d Xk Q 1 u,d X] Q 1 d t u) + E 4 
= -{T ao Ta jk d Xk Q y u, d Xj Q 7 d t u) + E 4 + E 5 
= -{T ao d Jtk d Xk Q.yU, d Xj Q 7 dtu) + E A + E 5 + E 6 
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where E±, E§ and Eq are estimated by Proposition 13,71 13T51 and [3791 respec- 
tively. They all satisfy 

\E k (t)\ < C e - 2 ^A||n(t)||^_ s(t)+ ^ J|^)|| H _ s(t)+ i i0S . 

with A = \\dj t k\\LL\\ao\\L^ + [|5j,A:[|L°° ||ao||iI, < KqAl^All- Again using 
([4.13p to replace dtu by Xu, one shows that these errors satisfy (|4.24p . 
Similarly 

= -{T ai a jk d Xk Q 7 u,d Xl d Xj Qryu) + E 7 

where E-j satisfies 

(4.26) \E 7 (t)\ < Ce- 2 ^K,A L ~A LL \\um\^ {t)+hl09 

thus gjSD. 

d) Introduce the notation 

(4.27) wj = d Xj Q^u. 

Because 5^ = d k j, we have 

Re(T ai a j k w k , d Xl Wj) + Re(T ai a k j Wj,d Xl w k ) 

= Re(((T ai& . ih )*d Xl - d Xl T ai ~ a . )h )w k ,Wj) := E 8 

Using Propositions 13.81 and 13.71 one shows that Eg satisfies 

\E 8 (t)\ < C\\aih jM \\ LL \\ Wj {t)\\ H0+ i lO!1 \\w k (t)\\ H0+ i log 

and therefore E% also satisfies (|4.26p thus (|4.24|) . 

e) It remains to consider the sum 

n 

(4.28) S := Re {T b . k d Xk Q jU , d Xj Q y d t u) 

j,k=i 

with bj jk = aodj k = a^a^ + a,ja k . By the strict hyperbolicity assumption 
(JZSj), it follows for all ^1" 

n 

b iAt,x)^ k > Miici 2 - 

j,k=i 
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Therefore, we can use Corollary 13.161 Since ||6j,fc||z,L < 2Al°° All, there 
exists an integer u, with 

(4.29) * « 

such that for all t E [0, To] and (w±, . . . , w n ) in L 2 (M n ), the following estimate 
is satisfied 

(4.30) Re j2(p b r k{t)Wk ,w,)> 6 -^\\w\\i 2 

j,k=l 

From now on we fix such a v and use the notation P b in place of PY. 
Using Lemma 13.101 and Proposition 13.141 we see that 



\\d Xj T bjk w k - d Xj P b]k w k \\ H0 _i log < C\\b jik \\ L L[\\w k \\ H0+ i log + K\\w k \\ L 2 
Therefore 

n 

S = Re ^2 {Pb ] , k d Xk Q 1 u,d Xj Q 1 d t u) + E g 
j,k=i 

where 

\E 9 (t)\ < Ce- J ^||6 iffc || M [| U (t)[|^ 1 _. (t)+ilo J|^«(t)|| H _, (t)+4loe 
+ e- 2 ^^||u(i)|| Hl _ s(t) ||^(i)|| ff _ s(4)+ i !o9 . 

Using ([4TT3]) . implies that P 9 satisfies (@23D. 

Next, we use Proposition [3JJJ to replace d Xj P bjk by |<9^ + (P^ J*) 
at the cost of an error E\q similar to Eg. 

At this stage, we commute Q 7 and c\ as in (|4.19p . Using the notation 
(|4T27D . yields 

n 

2S = £ Re((P 6 . >fe + (P^)*)^,^) 

n 

(4.31) + 7 Re <(\ fe + (Pbi, k )*)™k,Wj) 

j,k=l 

n 

+ Re <(\* + (\j">*> A^-> + 2E 9 + 2E 10 . 

j,k=i 

We denote by S , S 2 and S 3 the sums on the right hand side. 



32 



f) The symmetry bj jk = b k j implies the identity 

j,k=i 

where 

n 

E n = Re([P bjik ,d t }w k , Wj ) 
j,k=i 

is estimated using Proposition 13.141 

\E n (t)\ < C\\b jik \\ LL (\\w(t)\\ H0+ x log + u\\w\\ L 2)\\w(t)\\ H0+ilog 
<Ce- 2 ^\\b hk \\ LL \\u(t)\\ Hl _ s(t)+ , log 

(\\u(t)\\ Hl _ s(t)+ i log + v\\u(t)\\ Hl - si t)) 

and therefore satisfies (|4.24p . Moreover, 

Re{P b w k ,Awj) = Re(P b Ahw k ,hhwj) + Re(At[Af ,P b ]w k ,Wj) 



i i 

., A 

u j,> 



Re((P bjk )*w k ,A Wj ) = Re(A2w k ,P bjk A2 Wj ) +Re(w k , [P b]k ,A2}A2 Wj ). 
We use Proposition 13.171 to estimate the commutators and 

n 

S 3 = 2 J2 MPb j , k ^w k ,A^w j ) + E 12 
j,k=i 

where 

\E 12 (t)\ <K\\w(t)\\h <K\\u(t)\\ 2 H1 _ s(t) . 

Summing up, we have shown that up to an error which satisfies (|4.24l) . 
the quantity (|4.22p under consideration is equal to 

— Y Re{P b]!k w k , Wj ) +7 2Re{P bjk w k ,Wj) 

, , . i,k=l i,k=l 

(4.32) 

+ A ^2 2Re(P b . k A^w k ,A^ Wj ). 
j,k=i 

By (|4.3U|) . the last two sums are larger than or equal to £o(5i 11^(^)11^2 and 
^o'ullM^)!! 2 0+ i !og ) respectively. Similarly, integrating the first term between 

and t and using (|4.30p gives control of ^ i ||u;(t)||^2, finishing the proof of 
(14231) . " □ 
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4.4 A-priori estimates for the solutions of (14. lip 

The proof of Theorem 14. II is based on a-priori estimates for smooth solutions 
of the system (|4.1ip . 

Theorem 4.5. There are Xq > of the form ()2.30p and 70 such that for 
A > Ao and 7 > 70 the following is true: 

for all ue L 2 ([0,T];H 2 ) andvG L 2 ([0, T}; H 1 ) with d t u G L 2 ([0, T]\H l ) 
and dtv 6 L 1 ([0, T];L 2 ) and for all parameters X, 7 and all t < T, the 
following holds: 

sup e-^Y-^ilKiOllii-sCO + Ht')W 2 H -sw) 
o<t'<t v ^ y 

+ *A re- 27t '(A||n(t')||^_ s(t , )+ii09 +7ll«(f)6i-.(o)*' 

" 

(4-33) +^- 27t '(A|b(t / )ll^ 3( , )+ i ios +7l|f(f)6-. ( f,)*' 

<C^|o O ||«(0)|| 2 ?1 _ 9 + || w (0)||^_ 9 +2Re I {f,Q 2 lV )dt' 

J 

+ *T re- 2 ^||5(i , )lli- s ( i )-l^h(t / )lli- sW+ i%^> 



with f = Y*v + - L 2 u + Liu + duG ^([0, T); H 01 '' 1 ), g = Yu + c u- 
v/a £ L 2 ([0,T];H a ') for alia' < a. 

Proof. We compute the integral over [0,t] of Re(/, Q 2 v). Proposition 14.31 
takes care of the first term 2Re(Y*v + bov, Q 2 v). We split the second term 
into three pieces 

(L 2 u,Q 2 v) = (L 2 u,Q 2 Xu) - {L 2 u,Q*(a g)) + (L 2 u,Q 2 (c u)) 

and use Proposition 14.41 for the first piece. The multiplicative properties 
imply that 

\(L 2 u(t),Q 2 (a g)(t)}\ <if |b(t)|| 1 _ 8(t) _i Iofl ||I 2 «(t)||_ 1 _ ( , (t)+ i, os 
<-^||3(i)|li_ s ( t) _| Zog h(i)|li_ s (t) + i tofl , 

and 

\(L 2 u{t),Q 2 {c u){t)}\ <A-||«(t)|| 1 _ aW ||L 2 u(t)||_ 1 _ i , (t) 
<^||u(t)||?_ s(t) . 
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Next, using the multiplicative properties stated in Corollary 13,61 for the 
products bjd Xj u and d x (cju), and the embedding L 2 C H~ s for the term 
du, we see that 

\\{Liu + du){t)\\ H - s (t) < K\\u(t)\\ Hl - s{t ). 

Thus 

\((L 1 + d)u(t),Q 2 v(t))\ <X||«(t)||i_ a(t )||t;(t)||_ a ( t ) 

<K(\\u(t)\\l s{t) + \\v(t)\\ 2 _ s(t) ). 

Proposition 14.41 gives an estimate of V ' x u. We also need an estimate for u. 
The identity (I4,20p applied to u yields 

e- 2 ^\Ht)f H _ s(t) + [\-^\X\\u(t')\\l^ tl)+ ^ +1 \\u(t')f H _ s(tl) )dt' 

J 

= K(0)|Ih_. ( o) +2Re / (d t u,Q 2 u)dt'. 

Jo 

Next, we use the inequality 

\(d t u,Q 2 u)\ < C(\\u(t)f Hl _ sit) + 
In addition, we note that the second equation in (|4.1ip yields 

< K(\\v(t)\\ 2 H _ a(t) + \\u(t)f H _ s(t) ) + \\g(t)\\ 2 H -i-.m. 

We add the various estimates and use Propositions 14, 3 l and 14.41 to obtain 
a final estimate. On the left hand side we have 

(4.34) sup e- 2 ^'(^o5i||n(t')||^- fl( ,) + Co) 

0<t'<t xz ' 

(4-35) + 7 /V 2 ^'(<Wi |K*') + IKO&-.cf)K 

Jo 

(4-36) + A f e- 2 ^\5 5 1 \\u(t')\\ 2 Hl _ s(t , )+ ^ + \\v(t')\\ 2 H _ s(t , )+¥ Jdt'. 

On the right hand side, we find the initial data 
(4.37) CA 2 LOO \\u(0)\\ 2 Hl _ 8(0) + ^(0)11^(0), 
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the contribution of / 

(4.38) 2Re f (/(*'), Qjv{t'))dt' , 

Jo 

an estimated contribution of g 

(4-39) K / < e-^|| 1 ,(tO|| 1 _. (t) _^||u(Oll 1 ^ )+ j hw < 

•/ 

and two types of "remainders": 

(4.40) i^o^A^ ^^-^'Cll^Oll^co+^^+^lb-rCOll^-^o+^zoJ^ 
and 

(4.41) K f e- 2 ^' (\\u,(t')f Hl ^ tl) + ^(Ot-.w)^. 

JO 

If 

(4.42) A>2K ^^ L and A>2^ ^^ 

Ml Op 

the term in (|4.4(jp can be absorbed by ([4. 36 p . Note that this choice of A is 
precisely the choice announced in (|2.30p . with a new function Kq of Al°o/5q. 
Finally, if 7 is large enough, the term (|4.41|) is absorbed by (14.350 . finishing 
the proof of the main estimate (|4.33p . □ 

4.5 Proof of Theorem 14.11 

From now on, we assume that A > Ao and 7 > 70 are fixed, so that the 
estimate f|4.33j) holds. Consider u, f, uq and u\ satisfying the equation (j4.3j) 
and the smoothness assumptions (|4.4p . (|4.5p . (|4.6p . Consider v = Xu + cou, 
which by Lemma 14.21 satisfies 

(4.43) veH_ e+ x log , dtveLH^nH- 1 ^), v lt=o = v o £H- , 

with v = a \ t=0 ui + Y^aj\ t =od X:j uo + co\ t=0 u . In particular, (u,v,f) and 
g = satisfy (gXP). 

We mollify u and t> and introduce, for e > 0, 

(4.44) u e = J £ u, v £ = J £ v with Je = (1 — eAx) -1 . 
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For all e > 0, (03} and P~15j) imply that 

u £ G L 2 ([0,T],# 2 ), d t u £ G ^([CT],^ 1 ), 
t; £ G L 2 ([0, T],^ 1 ), cfe G ^([0, T],L 2 ), 

(see (|4.7p ). Moreover, using the spatial Fourier transform, one immediately 
sees that u £ converges to u in Hi-e ; \(T) and v £ converges to v in TC_Q t x(T). 
Define 

f e = Y*v £ + b v £ - L 2 u £ + Liu £ + du £ , 
g £ = Yu £ + c u £ - v £ /a - 

Lemma 4.6. Assumptions (|4.4|) and (|4.6[) imply that f £ = fi e + /2 E 
/i,e A in C-o,\{T) and f 2 , £ -> f 2 in H_ _i log ^{T). Moreover, g £ 
«n H 1 _ e _i loSjA (T). 

Taking this lemma for granted, we finish the proof of Theorem 14.11 We 
use the estimate (14.33ft for (u £ ,v £ ), together with the estimates 

\(f E (t),Q 2 7 v(t))\ < Ce- a T*(||/ 1 ^(t)|| jff _ w ||t;e(t)|| Jff -^ 

and 

| !\f e ,Q 2 lV )dt'\<c( f e-^' {\\f u {t')\\ H _ s(tl) dA sup e-^||t; e (OllH-.(t') 

JO JO 7 0<t'<t 

+C(e"^'||/ 2 , £ (t')||^ s(t0 _, ios ^f (e-^H^COll^lJ*') 4 - 
This implies that there is a K such that for all e > 0, one has 

sup lK(t')llii- S (t') + sup K(tOllff-.(t') 

0<t'<* 0<t'<t 
+ [ (lk(Oll^ s(t0+ ^ 9 + \h(t%. aitl)+ilog )dt' 

(4.45) 

< K{\\ Ue (0)\\ 2 H i-s(o } + IK(0)||^- sC o) +J o \\9e(t')\\ 2 Hl _ s(t) _ ¥oa dt' 

+ [f \\h,e(t')\\ H -<*>)dtf + f \\f2At')\\l-^- hlog dt'}. 
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In addition, there are similar estimates for the differences (u £ — u e i ,v e — v e i). 
Since it e (0) = J £ uq and v e (0) = J £ vq converge to uq and vq in and 
H~ st ^\ respectively, the estimate implies that u £ is a Cauchy sequence in 
Hi-e, x {T) and in C°([0, t]; H 1 ' 8 ®) for all t G [0,T]. Therefore, the limit u 
in Hi-e t \(T) also belongs to C\^q^\(T). Similarly, v e is a Cauchy sequence 
in H-e,x(T) and in C°([0,t] ;.&-*(*)) for all t G [0,T] and « G Ci_e, A (T). In 
addition, we can pass to the limit in (|4.45|) proving that 

sup |h(t')||ii- s (t') + sup ^(tOllt-^*') 
o<t'<t o<t><t 

+ / (KOf , r^4.i, + IKOII 2 f ,ui, 

/n V M ^l-s(t')+^ z °9 11 V J " jj-s(t')+^log J 

J 

(4.46) 

< i^|||no||^-i_ s (o) + ||vo||^-«(o) 

+ ( jT ii/i^iih-^)*') 2 + jf ii^(* / )ii^ s(t0 -^ os ^}- 

Using the equation Yu + cou = v/ao and the estimate (|4.13p of Lemma H31 
to bound the time derivative d t u, we see that d t u G C_q^x{T) and that the 
energy estimate (|2.29|) is satisfied. 

Therefore, it remains only to prove the lemma. 

Proof of Lemma \4.6] By assumption (|4.6I) . / = f\ + fa and J e /i — ► f\ in 
C-e,x{T) and J £ / 2 -> / 2 in -iog,\(T)- Therefore, it is sufficient to prove 
that the commutators 

[Y*,J £ ]v, [L 2 ,J £ ]u 
[b ,J £ ]v, [L x ,J £ ]u, [d,J £ ]u, 

converge to in TC—q x(T) and that the commutators 

[Y,J £ ]u, [c ,J £ ]u, [l/a ,J £ ]v 

converge to in Hi_0 i a(T'). We note that J £ commutes with dt in Y* and 
Y. Thanks to (14. 4h (|4.43j) and to the conservative form of Y* and L*2, we 
see that there are four types of commutators to consider : 

[a,J £ ]w^0 inHi-e,x(T), when 

a G L°° n LL([0, T] x R d ), w£H-e,x{T), 
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(4.48) 



[b, J £ ]w — > in Ti.-e,x{T), when 
6 G C a ([0, T] x M d ), w G H-g,\(T), 



(4.49) 



[c, J e ]w — > in TLi_q : \(T), when 
c£H[0,T] xM d ), weH KA (T) 



(4.50) 



[d, J e ]w -> in Ti._g t x(T), when 
d G L°°([0,T] x M d ), weH HA (T). 



The first commutators [a, J £ ] = [T a , J £ ] + R a , J £ — J £ R a are uniformly 
bounded from H-g ; \(T) to TLi_q^\{T): this is true for the first term by 
Proposition 13.71 since the J £ form a bounded family of operators of de- 
gree 0; for the last two terms, this follows from Proposition 13.41 Moreover, 
[a,J £ ]w — > in L 2 ([0,T]; H a ) for all a < 1, and thus also in TLi-e,\-> when 
w is smooth and a G Loo n LL. By density, this implies (|4.47p . 

For the commutators (|4.48|) . we note that they are uniformly bounded 
from H-0 t \(T) to Ti-e,x(T). This is true for both terms bJ £ and J £ b since 
s(t) remains in a compact subset of [0, a[. Because [b, J £ ]w converges to zero 
in L 2 ([0,T]; H a ) for all a < a, when w is smooth and b G Loo D LL, the 
convergence in (|4.48|) follows. The proof for (|4.49p is similar. 



Finally, we note that [d,J £ ]w -> in L 2 ([0,T] x R d ), hence in H-e,\{T) 
when d G L°°([0,T] x M d ) and w G L 2 ([0,T] x E d ), thus in particular when 



Assume that u G H s (]0, T[xl n ) with s g]1 - a, a[, T < T , and satisfies 



We want to prove that u = 0. 

Fix 9 < 9i in ]1 — a, a[ with 1 — < s. Let A and T' be the parameter 
and time associated to them by Theorem 14.11 Note that they depend only 
on 9, 0i, the norms Al°° and All in f|2.9|) and the constants of hyper bolicity 
5 and 5i in (J23J. 

From Lemma [221 we know that u G L 2 ([0, T]; # s (R n )) and <9 t u G 
L 2 ([0,T];H s - 1 (W 1 )) and therefore, on [0, T'] x M n , u G W-^+i, A and 
<9tu G T~£-g + ii og \ since s > 1 — # — At. By Theorem 14.11 it satisfies the en- 
ergy estimate (I2.29P on [0, T'], and since the right hand side vanishes, u = 
for t < T'. By a finite number of iterations, u vanishes for t < T. □ 



w G Wi_0, A (T). 



□ 



4.6 Existence and uniqueness 




(4.51) 



Lu = 0, U| t=0 = 0, Xu\ t=Q = 0. 
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Proof of Theorem \2.(A 

On [0, To] x M. d , the coefficients of L2 can be approximated in L°° and 
C a for all a' < 1 by C°° functions which are uniformly bounded in L°° and 
in LL, in such a way that the hyperbolicity condition (|2.8p remains satisfied. 
Similarly, the coeffficients of L\ can be approximated in L°° and C a for all 
a' < a by smooth functions which are uniformly bounded in C a . Further, 
the coefficient c can be approximated in L 2 by functions uniformly bounded 
in L°°. This defines operators L £ with C°° coefficients which satisfy (|2.8]h 
(|2.9|) and (|2.1(jp uniformly in e and converge to the coefficients of L in the 
sense described above. 

We fix the parameter A > Ao, where Ao is given by Theorem 14.11 Recall 
that T is then given by (|4.2p . Consider Cauchy data no G -ff 1-0 and U\ G 
i/ _ei and a source term / = /1 + /2 with /1 G C-o,\(T) and /2 G W_ e _i /o9 A . 
We can approximate these data in the corresponding spaces by C°° functions 
Uq, uf , /f and /f, compactly supported in x. The strictly hyperbolic 
problems with smooth coefficients and smooth data 

(4.52) L e « e = /f + /f, u £ | t=0 = n , X £ « £ | 1=0 = uf 

have a unique smooth solution u £ , compactly supported in x. 

By Theorem 14.11 the energy estimate (I2.29P is satisfied with a constant 
K independent of e. Therefore the family {u £ } is bounded in W 1 _ e , + i io9 A , 

thus in L 2 ([0, T], H 1 ' 01 ) and the families {9 t n £ } and {X £ u £ } are bounded in 
W_6»+i«ogA' nence m -^ 2 ([0; ^1? H~ 01 ). Therefore, extracting a subsequence 
if necessary, u £ converges to a limit u, weakly in L 2 ([0, T], H 1 ^® 1 ) and in 
H\%T],H^). Moreover, u G W^+i,^ and 5 t n G H_ 9+ i io9iV There 
is no difficulty in passing to the limit in the equation in the sense of distri- 
butions: all the products are well defined and involve one strong and one 
weak convergence. Thus Lu = f. 

The weak convergence in L 2 ([0,T], H l ~ Bl ) n H 1 ([0, T] , H~ dl ) implies the 
strong convergence in C°([0, T\;H^}) and therefore the convergence of uf t=0 

to uu = o in H^ 1 . Therefore, uu = q = no- 

Using the equation as in Lemma 12.21 we prove that the family v £ = 
X £ u £ + CqU £ , which converges weakly to v = Xu + cou, is bounded in 
L 2 ([O,T],#- 01 )n#H[ o > r ]>ff _1 ~ ei )- Thus v \ t =o converges to v\ t=0 in H'^. 
Hence v\ t= Q = ui + co|t = o"Uo implying that Xu\ t=0 = u\. 

By Theorem 14.11 the solution u also belong to C\-e,x with dtu G C\-e,\ 
and satisfies the energy estimate (|2.29p . □ 
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5 Local results 



We consider the equation (jl.ip together with an initial hypersurface E sat- 
isfying Assumption 11,11 Everything being local, and the assumptions being 
invariant under smooth changes of coordinates, we may assume that we are 
working in coordinates y = (t,x) such that y = (0,0) and £ = {t = 0}. 
The operator has the form (|2.ip with coefficients which are defined on a 
neigborhood ft of the origin. 

Lemma 11,21 is a local version of Lemmas 12.11 and 12.21 The proof is iden- 
tical, using local multiplicative properties and local versions of the spaces 

H s,s' 

5.1 Local existence 

Choose <£, a smooth map from R 1+n to ft, with $(y) = y on a smaller 
neighborhood fti and &(y) = for y large enough. Changing the coeffi- 
cients acoording to the rule a"(y) = a(<I>(y)) we obtain an operator L* which 
coincides with L on fii, satisfies the regularity conditions (|2.4p to (|2.6p . and 
the hyperbolicity conditions (12. 8p globally on M 1+n . 

Fix s > 1 — a. Without loss of generality for the statememt of Theo- 
rem [L3l we can assume that s < a. We are going to apply Theorem 12.61 to 
the operator L$ with 6 = 1 — s G]l — a, a[. Choosing 6\ g]#, a[, this theorem 
provides us with A and T = (6>i - 9)/X. We fix ft' = fti n {\t\ < T}. 

Suppose that uq and u\ are Cauchy data in H s (u>) and H s ~ 1 (lo) re- 
spectively, on a neighborhood uo of in W 1 . There are restrictions to co 
of functions u\ G .£P(IR n ) and n| G H s ~ 1 (M. n ) respectively. Suppose that 
/ G L 2 (ft'n{t > 0}). We extend it, for instance by 0, to /» G L 2 ([0,T]xl n ). 
By Theorem 12.61 the Cauchy problem 

(5.1) LU = /«, 4 =0 = 4, (XU)| t= o=«{ 

has a solution on [0, T] xf, which belongs in particular to L 2 ([0, T]; # Sl ) 
with s\ = 1 — 6*1 and such that dtU G L 2 ([0, T]; .fP 1-1 ). In particular, 
u" G i7 Sl ([0,T] x W 1 ) and by restriction to ft' defines a solution of (fL6l) . 

5.2 Local uniqueness 

To prove Theorem 11.41 we first reduce the problem to proving a theorem of 
propagation of zero accross the surface {t = 0}. 
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Lemma 5.1. Suppose that s > 1 — a and u G H s (£l n {t > 0}) satisfies 



(5.2) 



Lu = 0, u\ t=0 = 0, Xu\ t=Q = 0. 



Then the extension u e of u by for t < satisfies 



(5.3) 



u e G # s and Lu e = 



on a neighborhood 0,% ofO. 

Proof. If the coefficients were smooth, this would be immediate. We check 
that we have enough smoothness to extend the result to our case. 

We can assume that il =] — T,T[xuj. From Lemma 12.21 (localized 
in space) we know that u G L 2 ([0, T]; H* (u)), thus its extension u e G 
L 2 ([-T,T];H° oc (uj)). Moreover, d t u G I? ( [0, T] ; Hf^ 1 (u) ) and by assump- 
tion u\ t=0 = 0. Therefore, dtu e is the extension of dtu by and thus belongs 
to L 2 ([-T,T\;Hf-\u)). In particular, u e G fff^Q - T,T[xw). 

Lett- = Iw+con G L 2 ([0, T]; Ff" 1 ^)) and let w e G L 2 ([-T, T); H£}(u)) 
denote its extension by 0. The first step implies that Xu e is the extension 
of Xu and therefore v e = Xu e + CQU e . Write the equation as 

(5.4) d t v = P(u,v) 

where P involves only spatial derivatives (see (I2.17P ). Morever, we have 
seen in the proof of Lemma O that P(u,v) G L 2 ([0, T]; H^(u)). Since by 
assumption the trace of v vanishes, this implies that dtv e is the extension by 
of dfV, thus the extension of P(u, v), that is P(u e ,v e ). Since v e = Xu e +CQU e , 
this means that u e satisfies the equation on f2 =] — T, T[xu. □ 

We now finish the proof of Theorem 11.41 We suppose that u G H S (Q n 
{t > 0}) satisfies (I5.2p . with s > 1 — a and we denote by u e its extension by 
for t < 0. We use the classical convexification method, and consider the 
change of variables 

(5.5) (t, x) i— ► (t, x ) t = t + \x\ 2 , x = x, 

which maps the past {t < 0} to {t < \x\ 2 }. Thus there is To > such 
that the function u deduced from u e is defined for t < Tq and vanishes for 
t < \x\ 2 . Moreover, decreasing To if necessary, the operator L deduced from 
L is defined on a neighborhood O of the origin which contains the closed 
lens D = {\x\ 2 < t < Tq} and Lu = on Cl n {t < Tq}. Now we extend the 
coefficients of L, as above, and obtain a new operator iJ, defined on M 1+n , 
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satisfying the assumptions of section 2, and equal to L on a neighborhood 
of D. Therefore, on ] - oo,T [xM n 

(5.6) L^u = 0, u £ H s , u [{i<M 2 } = 0. 

Since u vanishes in the past, the traces u\ t= _ e and X^u\ t= _ £ vanish for all 
e > 0. Therefore, Theorem 12.41 applied to the Cauchy problem for L* with 
initial time — e implies that u = for all (t,x) such that t < Tq. Hence 
u = on a neighborhood of the origin. 
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